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Abstract: In this paper, we consider and formulate, in cooperative produc-
tion economies, a soctal procedure for choosing fair allocation rules, basing it
upon the argument of the Rawlsian two principles of justice (Rawls (1971)).
First, we adopt Sen’s Capability (Sen (1980, 1985)) index to evaluate indi-
vidual states, instead of income or welfare. Second, we define individual i’s
Jjudgement over allocation rules as i’s proposing social welfare function, which
assigns to each economic environment an ordering over ordered pairs of al-
location rules and feasible allocations. Third, we formalize a social decision
procedure of fair allocation rules (SDPR) as a function which aggregates
a profile of individual judgements over ordered pairs of allocation rules and
feasible allocations into a social judgement. We also define several conditions
on individual judgements, each of which seems to be a requirement consis-
tent with the Rawlsian two principles of justice. An SDPR is defined as the
Rawlsian one (RSDPR) if its domain is restricted to the one which meets
these conditions, and it satisfies the Pareto Principle. We characterize the
class of allocation rules, each of which is selected in the corresponding eco-
nomic environment through the RSDPR. We also show that under some
assumptions, these selected rules have non-empty sets of feasible allocations
which are consistent with the purpose of the Rawlsian difference principle.
Finally, we discuss the “moral hazard” problem inherent in the RSDPR.
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1 Introduction

One of the main purposes of the traditional social choice theory in economic
environments is to propose and/or characterize “desirable” allocation rules
(social choice correspondences), of which ranges are the set of feasible al-
locations, and of which domains include the class of possible profiles of all
individuals’ preference orderings. Then, the desirability of each allocation rule
is represented either by a group of axioms which characterize this rule, or by
an intuitive concept of rule itself. Note that there are usually many criteria
for “desirability” of allocation rules. For instance, in the theory of equitable
allocations, there are various fair allocation rules proposed by various re-
searchers, like the no-envy (Foley (1967)), egalitarian-equivalent (Pazner &
Schmeidler (1978)), and wealth-fair rules (Varian (1974)). We can, then,
consider a scenario that in a democratic society, one “equitable” allocation
rule is selected among various “equitable” rules through a social choice pro-
cedure. Such a social procedure can guarantee individuals in the society the
rights to participate in the process of choosing allocation rules, so that they
commit themselves to follow the rule which they choose.

According to the discussion of Rawls (1971), we can formulate a social
procedure for choosing one allocation rule among various ones. Rawls (1971)
proposed two principles of justice which are the higher order principles to
stipulate what types of allocation rules should be admitted as fair ones. The
first principle of justice by Rawls (1971) is the equal basic liberties which
requires fair allocation rules to guarantee every individual at least a formal
right of freedom of choice and action. The second principle of justice consists
of the fair equality of opportunity and the difference principle, the latter of
which stipulates fair allocation rules by balancing, from the viewpoint of
“the greatest expectation of the least advantaged,” various different “precept-
s” (Rawls (1971)) on what is distributive justice. These principles refer to not
only what allocations are fair, but also what procedural characteristics fair
allocation rules should have. By adopting these arguments, we can consider,
with regard to a social procedure for choosing one among various candidates
of “fair” allocation rules, the following scenario: a society can eliminate sets
of allocation rules which are inadequate from the viewpoint of the Rawlsian
two principles of justice, if it accepts these principles. Moreover, if there still
remain multiple “fair” allocation rules which pass the test of the Rawlsian
principles, then the society may select one among them by aggregating indi-
viduals’ judgements about which of the “fair” allocation rules is just into a



social judgement.

In this paper, we consider and formulate, in cooperative production economies,
a social decision procedure of fair allocation rules, basing it upon the argu-
ment of the Rawlsian principles of justice (Rawls (1971)). The allocation
rules discussed in this paper are defined as social choice correspondences or
game forms. Among various “precepts” of distributive justice, in this paper,
we adopt two of them in particular —“distribution with regard to individ-
ual contributions” and “distribution with regard to individual needs”—, and
formalize these as axioms on allocation rules: the “Contribution Principle”
and the “Needs Principle” (Gotoh and Yoshihara (1997)). The social deci-
sion procedure of fair allocation rules (SDPR) is formalized as a function,
which aggregates a profile of individual judgements over pairs of allocation
rules and feasible allocations into a social judgement.! Through the SDPR,
the society proceeds to choose an allocation rule, taking into account both
procedural and outcome-based desirabilities of allocation rules.

In discussing SDPR, it is worth noting the importance of discriminating
between individual judgements over possible rules and individual fastes over
allocations. The domain of SDPR should be not a class of possible profiles of
individual tastes, but a class of admissible profiles of individual judgements.
Arrow (1963) himself also interpreted the domain of the Arrovian social wel-
fare function as the class of profiles of individual judgements on what social
situations are just or good. However, he defined individual judgements only as
logically possible individual orderings over social situations, as he does for in-
dividual tastes. Following the original concern of Arrow (1963) on the process
by which the society makes its choice, Pattanaik and Suzumura (1996) for-
malized the extended social welfare function as the social decision procedure
to choose a right-structure of the society. They distinguished the domain
over which individual judgements are defined from the domain of individual
tastes. However, they still defined individual judgements only as logically
possible individual orderings without any restriction. Thus, in their formula-
tion, we cannot understand whether a revealed individual ordering may be
represented as a self-interested taste on social outcomes or as a judgement
based upon an opinion on what is social justice.

In this paper, as well as Arrow (1963) and Pattanaik and Suzumura

LThis type of function is similar to an extended social welfare function (ESWF) (Pat-
tanaik and Suzumura (1996)). However, as explained below, SDPR is a little different
from ESWF.



(1996), we define an individual judgement as an ordering. In addition, how-
ever, we also propose some viewpoints from which an individual ordering
should be classified into the class of judgements or of tastes. First, while a
profile of individual tastes constitutes one aspect of an economic environ-
ment, a profile of individual judgements does not. It is because an individual
judgement is to decide in what economic environments what allocation rules
should be selected. In other words, an individual judgement states, for each
economic environment, an ordering over possible allocation rules. Thus, an
individual judgement should be defined mathematically as an ordering func-
tion of economic environments which include profiles of individual tastes.
This implies that individual #’s judgement can be interpreted as i’s propos-
ing soctal welfare function, which assigns to each economic environment an
ordering over possible allocation rules. Second, it is conceptually reasonable
to consider one’s judgement as being revealed based upon her own opinion
on what is social justice. This implies that individual judgements should
be at least consistent with some “principle on justice or goodness.” Thus,
we define an individual judgement as the ordering function which satisfies
at least some aziom that embodies an opinion on what is social justice. In
a society which accepts the Rawlsian principles of justice, every individual
judgement is regarded as satisfying at least several axioms which embody the
Rawlsian principles. We define, in this paper, several axioms which seem to
be consistent with the Rawlsian principles of justice, and impose them upon
individual judgements over pairs of allocation. rules and feasible allocations.
Moreover, we say that a SDPR. is Rawlsian one if its domain consists of the
class of individual judgements which satisfy these axioms.

Before introducing these axioms, we should make mention of the Rawlsian
difference principle. In discussing this principle, we should at least refer to
the following problem: how to identify the least advantaged. This problem is
related to which kind of index is appropriate for evaluating individual states.
Notice that from the viewpoint of Rawls, we should not count individual
preferences as such indices.? In this paper, we select Sen’s capability index

2In past papers, the Rawlsian difference principle was formulated as a traditional social
welfare function with ordinal interpersonal comparison of individual welfare (d’Aspre-
mont and Gevers (1977), Hammond (1976, 1979), and Sen (1970, 1977) or as a bargaining
solution (Binmore (1989) and Gauthier (1985)), although, as appropriate indices, Rawls
himself used the social primary goods (Rawls (1971)) which are distinguished from individ-
ual welfare (preferences). Howe and Roemer (1981) and Roemer (1996) tried to formulate
the difference principle faithful to the original discussion of Rawls.



(Sen (1980, 1985a,b)) as appropriate for evaluating individual states. Sen’s
capability is the set of an individual’s various relevant functioning vectors
which are possibly attainable by various utilizations of this person’s share
of resources.® Thus, in this paper, the least advantaged are identified as
the persons who acquire the “minimum” expected capability in allocation.*
Although determining what is the “minimum” expected capability is itself
problematic, if there is at least the minimum in the sense of set-inclusion
among capabilities of all individuals, we can state that this set is the “mini-
mum” expected capability. Note that this minimal set is a common capability
(Gotoh and Yoshihara (1997)) in the sense that it coincides with the inter-
section of all individuals’ capabilities. Thus, in our model, the aim of the
difference principle is reinterpreted as pursuing a guarantee to all individuals
the “maximum” expected common capability.

As one of the Rawlsian axioms for individual judgements, we introduce
First Priority of Contribution Mechanisms (FPCM), which relies on the
first principle of justice of Rawls (1971) —equal basic liberties. The contri-
bution mechanisms are allocation rules of a game form-type such that every
individual’s strategy is only in choosing her own labor time. This type of allo-
cation rule guarantees every individual a right of freedom of choice.’? FPCM
requires individuals to judge that this type of allocation rule is morally bet-
ter than any other type, irrelevant to what feasible allocations are realizable
under those rules.

We also define Second Priority of a-Combination Rules (SPCP), Prior-
ity of Feasible Pairs (PFP), and Priority of Equilibrium Outcomes (PEO).
SPCP privileges some types of allocation rules which compromise the two
incompatible precepts, the Contribution and Needs Principles. PFP and
PEO require individuals to judge that realizable pairs of rules and alloca-
tions are better than non-realizable ones. Particularly, PEO indicates that
the social choice process of allocation rules should involve the society’s pre-
diction about what resource allocations will be realized.

As an axiom consistent with the difference principle, we propose the fifth

3 Notice that this selection is permissible from the viewpoint of Rawls, because Rawls
(1993) approved of using the capability index for evaluation of individual states.

4Roemer (1996) also proposed to adopt Sen’s capability index in order to reformulate
the difference principle.

®Gaertner, Pattanaik, and Suzumura (1992) discussed that the game form articulation
of individual rights is more appropriate to represent individual rights of freedom of choice
than the social choice correspondence articulation.



condition: Consistency with Common Capability-Judgements (CCC). This
axiom requires every individual to judge that what should be socially chosen
are realizable pairs, of which the allocation rules guarantee all individuals at
least the “maximum” expected common capabilities. CCC also implies that
every individual reveals, in her judgement ordering over possible realizable
pairs, her own decision about what is the “maximum” expected common
capability. To be consistent with the Rawlsian difference principle, a con-
dition, Set-Inclusion Subrelation, should be imposed upon her judgement on
this issue. This condition implies that any “maximum” expected common
capability decided by any individual should be at least mazximal with respect
to set-inclusion.

The Rawlsian social decision procedure of fair allocation rules (RSDPR)
is an SDPR which satisfies the Pareto Principlee FPCM, SPCP, PFP,
PEOQO, and CCC. Through this function, once a profile of individual judge-
ments on pairs of rules and feasible allocations is aggregated into a social
judgement, the society will select, in each economic environment, an alloca-
tion rule. By FPCM, such a rule is a contribution mechanism. Note that
by SPCP, this rule is a linear combination of two contribution mechanisms
which meet the Contribution and Needs Principles respectively. Since this
type of rule is a game form, a realizable pair in each economic environ-
ment, which is selected through the RSDPR, is the pair of this type of rule
and some e-equilibrium allocation of the non-cooperative game defined by this
rule and the economic environment, whenever the equilibrium concept of this
game is the e-equilibrium one. This is followed by PFP and PEO. Moreover,
through this non-cooperative game, the society can realize an allocation in
which every individual is guaranteed at least the “maximal” common capa-
bility with respect to set-inclusion. Thus, once a social judgement is obtained
through the RSDPR, the aim of the difference principle can be realized in
each economic environment via such a decentralized manner.

The problem is then whether the RSDPR . is well-defined or not. This
solution depends upon the selection of two contribution mechanisms which
meet the two precepts respectively, and the selection of the equilibrium con-
cept of the non-cooperative games. In this paper, for the first selection prob-
lem, we adopt the proportional sharing rule (PR) and the J-based capability
mazimin rule (CM;) (Gotoh and Yoshihara (1997)). The former satisfies
the Contribution Principle, while the latter, the Needs Principle. Thus, an
allocation rule in an economy selected through the RSDPR is defined as a
linear combination function of these two rules. For the second selection prob-

5



lem, we assume the Nash equilibrium concept. Thus, we discuss this problem
by checking whether the non-cooperative games defined by the selected allo-
cation rules have Nash equilibrium allocations or not.

There is still a serious problem with respect to the RSDPR. It is related
to the existence of multiple equilibrium allocations of the non-cooperative
game defined by the selected allocation rule. Under the allocation rule se-
lected in an economic environment through the RSDPR, there may be two
classes of non-cooperative equilibrium allocations. One consists of the alloca-
tions desirable from the viewpoint of the Rawlsian difference principle, while
the other, if it is non-empty, consists of the non-desirable ones. Since both
classes consist of equilibrium allocations, the society may realize the one in
the non-desirable class as a result of the non-cooperative game. Then, the
aim of the Rawlsian difference principle cannot be implemented, even if the
selection of fair allocation rules in each economic environment is implemented
through the RSDPR. We try to solve this realization problem by adopting
the mechanism design approach.

In the remainder of this paper, section 2 defines a basic model. Section
3 defines the two precepts —the Contribution and Needs Principles—, and
the J-based capability maximin rule. Section 4 introduces the RSDPR, and
section 5 discusses whether or not the RSDPR is well-defined. Sections 6
discusses the above realization problem of the RSDPR.

2 The Basic Model

2.1 Economies and Feasible Allocations

The are two goods, one of which is labor time, z € R,, utilized to produce
the other, y € R;. The population in a given society is N = {1,--- n}
where n 2> 2.5 Individual #'s consumption vector is denoted by z; = &, v:),
where l; = T — x; denotes her leisure time and y; denotes her share of output.
In the society, all individuals have the same consumption set [0,T] x R,.
Individual ¢ is also characterized by utilization ability of resources, a;, and
some production skill, s;. The universal set of utilization abilities for all

6We use vector inequalities: =, >, > .



individuals is denoted by” A C R. The universal set of production skills
for all individuals is denoted by S C R,. Thus, individual ¢'s objective
characteristics are denoted by (a;,s;) € A x S.8
A production process is described by a production function f : Ry — R,
which is assumed to be continuous, increasing, and f(0) 2 0. The set of
such functions is denoted by F.
There are m types of relevant functionings for any individual, which are
attainable by means of her leisure time and share of output. Let us assume
that we can measure the achievements of these functionings by means of
adequate indices. Thus, an achievement of functioning k is denoted by by, €
R. Individual #'s achievement of relevant functionings is described by b; =
(bi1, "+, bim) € R™.
Individual s utilization ability, leisure time, and share of output influence
the vector of functionings she can achieve. Let us assume that for each
functioning k, there is a functional relationship between a triple of ability,
leisure time, and share of output and its achievement: c; : AX [0, Z] xR, — R
such that cx(a,l,y) = by. We call ¢; functioning k's utilization function. For
every functioning k, let ¢; be concave and strictly monotonic on A x [0, %] x
R,, and given a € A, ¢x(a,-,-) be continuous on [0,Z] x R, . Moreover, for all
(a,1) € Ax[0,7], c&(a,1,0) = 0 and lim o) — . Tet C™ =Cyx-- XCp
be the class of utilization functions satisfying the above properties. Given an
ability a € A, a profile of utilization functions ¢ = (¢x), (,,my€C™, and
resources z = (l,y) € [0,Z] x Ry, the capability under (a,z), denoted by
C(a, 2), is the set of functioning vectors achievable by various ways of utilizing
m

z: Cla,z)={beR™|Iz=(Z,---,2M), Y. zF < 2, c&(a,Z*) = by (Vk)} .
k=1

By assumptions of ¢, the capability correspondence C : Ax [0, Z] xR, —» R™

has the following properties:

(1) For all (a,l) € A x [0,Z], C(a,!,0) = {0}.

(2) If (a,2) £ (d,2'), then C(a,2) C C(d, 2').

(3) For all (a,2) € A x [0,Z] x Ry, C(a,z) is compact, comprehensive, and

"In the following, for any sets, X and X', 1) X D X' ifforallz € X', z € X, 2)
X=X'if X2X and X' 2 X,3)not[X D X'|ifforsomez e X',z ¢ X,4) X 2 X'if
X 2 X' but not[X’ D X], and 5) not[X 2 X'] if not[X D X'] or X' D X.

81t may be natural to assume that there is a functional relationship between the pro-
duction skill and the utilization ability such as s; = s(a;). However, in this paper, we do
not adopt such an assumption. All main results in this paper can be obtained regardless
of whether or not that assumption is adopted.



convex in R™.
(4) given a € A, C: {a} x [0,Z] X Ry — R™ is continuous.

An objective characteristic of an economy is defined by aliste = (a, s, f) =
((a1,-++,an),(s1,+,8n),f) € E:= A" x S® X F. A feasible allocation for
e is a vector z = (21, -+, 2,) € ([0,Z] X Ry )™ such that f() y sx:) 2 Yy ¥s-
We denote by Z(e) the set of feasible allocations for e € E. Given an
objective characteristic of an economy e = (a,s,f) € F and a profile of
c= (ck)ke{l,_”,m}ec’m the feasible assignment of capabilities for (e,c) is a list
(C(ay, 21),++,Clan, 2,)) satisfying (21, -+, 2n) € Z(e).

For all i € N, let v; : R™ — R be a utility function satisfying continuous,
strictly monotonic, and quasi-concave over R™. Let V be the class of utility
functions satisfying the above three properties.

Given a profile of ¢ = (ck)ke{l,,,,,m}ecm and 2z € [0,Z] X R,, individual ¢
endowed with a; € A has an accessible set of functionings, C(a;, z). Then, the
individual 7 endowed with a; € A is full-rational if for all z € [0,Z] x Ry, she
always chooses b} € C(a;, z) such that for all b; € C(a;, 2), vi(b}) = vi(b;)°. In
the following, we assume that every individual is full-rational. Given e € F,

c €C™ and z € [0,Z] x Ry, let b;(e, c,z,v;) := arg p hax v;(b;).
;€ Qa;,2

2.2 Allocation Rules and Contribution Mechanisms as
Game Forms

Let V™ be the n-fold Cartesian product of V. Let Z(E) := o Z(e). A social
ec

choice correspondence (SCC) is a correspondence S : E x C™ x V"™ — Z(E)
such that for each environment (e,c,v) €EXC™ x V" S(e,c,v) CZ(e). Let
S be an admissible class of such correspondences.

A mechanism (or game form) is a pair I' = (M, g) where M = M; x -+ X
M,,, M; is the strategy space of agent i, and g : EXC™x M — ([0,Z] xR, )" is
the outcome function which associate with each (e,c) €ExC™andm € M a
unique element in Z(e). Denote the i-th component of g(e,c, m) by g;(e,c, m).
Given m € M and m; € M;, (m],m_;) is a strategy profile obtained by
the replacement of m; with m/, and g (e,c, M;,m_;) is the attainable set of
feasible allocations that agent i can induce if other agents select m_;. Let

M_.i = Xj;éiMj-

9In Sen’ s arguments on capability and well-being, individuals are not necessarily as-
sumed to be full-rational. See Sen (1985a).



Given e = (a,s, f) € E, a profile of c = (ck)ke{l,___,m}ecm, v =(v;)ien €
V", and a mechanism I' = (M, g), a non-cooperative game is defined by
(N,e,c,v,T'). Since in this paper, the set of players, N, is fixed, for simplicity,
we denote one noncooperative game by (e,c,v,I') only. Given e = (a,s, f) €
E, a profile of ¢ = (ck)4e(1,...m) EC™, a mechanism I' = (M, g), and a strategy

profile m € M, let b;(e,c,;m,[,v;) := arg max v;(b;). Let I be an
biec(aiygi(eycym))

admissible class of such mechanisms.
Among various types of mechanisms, we are particularly concerned with
the following type:

Definition 1: The mechanism I' = (M, g) is a contribution mechanism if it
satisfies the following properties:

(1) for all i € N, M; = [0,%],

(2) for all (e,c) €E x C™ and all m = x = (2;);eny € M, for all i € N,
gilec,m) =7 — z;,

(3) for all (e,c) €E x C™, g(e,c, M) C Z(e).

A contribution mechanism is one in which the strategy space of each agent
is the set of labor time which is possibly chosen by herself, and the range
of which is contained by the set of feasible allocations. This mechanism also
meets the following property: in any economy, an agent ¢'s supply of labor
time is equivalent to her choice of strategy. This looks very desirable from
the viewpoint of equal basic liberties (Rawls (1971)), since each agent can
freely choose and realize her own labor time. Let I'co be the subclass of
I', which consists of all possible contribution mechanisms. Note that any
contribution mechanism is represented by a distribution rule (Gotoh and

Yoshihara (1997)) defined as follows:

Definition 2 (Gotoh and Yoshihara (1997)): A distribution rule is a
function h: ExC™x [0,Z|" — R% satisfying the following property: for any
(e,c) EEXC™ and any x = (z1,--+,z,) € [0,Z|", hle,c,z) =y = (Y1, +, Un)
such that (T — z;,y:)ien € Z(e).

Let G := TUS denote the class of all admissible allocation rules with
generic element g. Note that when g €3G, either g €I" or g €8S.



3 Two Common Sense Precepts of Distribu-
tive Justice

In this section, we define two principles of distributive justice, the Contribu-
tion and Needs Principles, discussed by Gotoh and Yoshihara (1997). The
two principles can be interpreted as expressions of common sense precepts
(Rawls (1971)) of distributive justice. For simplicity, we define the above
principles as ones which stipulate appropriate sets of distribution rules (De-
finition 2), as well as Gotoh and Yoshihara (1997).

First, we define the Contribution Principle:

Contribution Principle (Gotoh and Yoshihara (1997))!° : For all e =
(a,s, f)EE, all c €C™, and all x = (z1, -+ ,zn) € [0,T]", the distribution of
output assigned by the rule, h(e,x) =y = (y1,- -+, yn) Satisfies:

forall i,5 € N, [siz; < sjzj = hi(e,c,x) < hj(e,c,x) & s;xz; = s;z; =
hi(e,c,x) = h;(e, c,x)].

Denote the class of distribution rules which satisfy Contribution Principle
by CR := {h € Tco | h satisfies Contribution Principle}. There are many
rules in CR. An example of one such rule is the proportional sharing rule
PR, which distributes outputs in proportion to each one’s labor contribu-
tion: for all e = (a,s,f) € E, all c € C™, all x € [0,Z], and all i € N,
(e, ¢, x) =530 f (3 s;m;)-

The next principle we discuss is Needs Principle, which is defined as fol-
lows: givene = (a,s, f) € E,c €C™, and x = (z1,- -+, Z,) € [0,Z]" such that
foralli,j € N, z; = z;, let y#(e,x) = (y1, -, yn) = (f—@:’—m’l,,ﬂzns”—m’l)
be a hypothetical distribution. Then, a capability profile under (e,x,y" (e,x))
is determined as: (C(a1,Z — 71,y (e,x)), -+, C(an,T — zn,y" (e,x))). More-
over, by definition of the capability correspondence C, there is one indi-
vidual ¢* € N such that for any other j # i*, C(a;,T — z;,y7(ex)) 2
C(a:,ZT — z+,y% (e,x)). Let CH(ex) := Clag,T — z+,y" (e,x)), and call it
a reference capability under (e x).

Needs Principle (Gotoh and Yoshihara (1997)) '': For all e = (a,s, f) €

10 Although this principle is defined as an axiom of distribution rules, it is easy to rewrite
it so as to be applicable to other types of allocation rules.
11 As well as the Contribution Principle, this principle is also rewritten to be applicable

10



E, all ceC™, and all x = (z1,---,zn) € [0,Z|" such that for all i,j € N,
z; = x;, the distribution of output assigned by the rule, h(e,c,x) =y =
(Y1, ,Yn) satisfies:

there is no i € N such that C¥(ex) 2 C(a;,T — zi, y;).

Denote the class of distribution rules which satisfy Needs Principle by NR :=
{h € T¢o | h satisfies Needs Principle}. The motivation of Needs Principle
is briefly explained in Gotoh and Yoshihara (1997). Gotoh and Yoshihara
(1997) also showed the general incompatibility of this principle with the
Contribution Principle.

In this paper, we adopt the proportional sharing rule PR as the rep-
resentative of Contribution Principle, while as a rule satisfying the Needs
Principle, a J-based capability mazimin rule which is introduced in Gotoh
and Yoshihara (1997). In the following subsection, we define the class of
J-based capability mazimin rules.

3.1 The Class of J-Based Capability Maximin Rules

The class of J-based capability mazimin rules (Gotoh and Yoshihara (1997))
is the class of distribution rules which distribute outputs so as to always
guarantee every individual the “maximum” of common capabilities.

Given e = (a,s, f) and x = (z1,--+,2,) € [0,Z]", let Y (s, f,x) :={y =
(Y1,- ,yn) € RY | F(Oon ) 2 Y y¥i} be a set of feasible distribu-
tions for (e,x). Given (e,c) € E X C™ and x = (21, -+,2,) € [0,7]",
let FC(e,c,x) :={(C(ai,T — zs,¥:))ien | ¥ = (%i)ien€Y (s, f,x)} be a set
of feasible assignments of capabilities under (e,c,x). For each (C(a;,Z —
Ti, ¥i))ien € FC(e,c,x), let CC(e,c,y,X) :=iQN C(ai, T — z4,y;) be a com-

mon capability under (e,c,x). Given (e,c) € E x C™ and x = (z1,-++,%y) €
[0,Z]", let CC(e,c, x) := {CCle,c,y,x) | y €Y (s, f,x)} be the set of common
capabilities under (e,c,x). Moreover, let CC(e,c) := xe[ga]n CC(e,c,x) and
CC:= U CC(ec).
(e,c)e ExC™

In defining a J-based capability mazimin rule, the determination of a
“maximum” of common capabilitiy is arrived at by aggregating individual
judgements on common capabilities to a social judgement. Suppose that
such a judgement of individual 7 is represented by an ordering relation J; C

to not only the class of distribution rules, but also other classes of allocation rules.
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CC x CC. Let Ji(e,c) := J; N [CC(e,c)xCC(e,c)] and Ji(e,c,x) := Ji(e,c) N
[CC(e,c,x)x CC(e,c,x)]. For each (e,c,x), one common capability in CC(e,c, x)
is socially chosen by summarizing each profile of individuals’ judgement
(J:)ien into a social ordering J. Moreover, in determing judgements, all in-
dividuals are assumed to have the following subrelation:!?

Set-Inclusion Subrelations: For all (e,c) € E xC™, all i € N, and all
(X,Y), (X*,y*)EZ(C),

[CC(e,c,y,x) 2 CCle,c,y*, x*) = (CC(e,c,y,x),CC(e,c,y*,x*)) €
Ji(e,c)].

Let J be the class of such orderings.

Let 9 be a social welfare function such that for every judgement pro-
file J =(J;)ien € J", J = 9(J) is an ordering. We assume that 1/ meets
the Pareto Principle: for all J =(J;);en, all (e,x), and all y,y*€Y (s, f,x), if
(CC(e,c,y,x),CCle, c,y*,x)) € J; and (CCle, c,y*,x),CC(e,c,y,x)) & J;
foralli € N, then (CC(e,c,y,x),CC(e,c,y*,x)) € ¥(J) and (CC(e, c,y*, %),
CC(e,c,y,x)) ¢ ¥(J). Thus, ¥(J) € J for every J € J". Based upon a
social welfare function ¥(J), let us define a choice function ¢ as follows: for
every J =(J;)ien, ¢(CC(e, c,x),4(J)) € CC(e, c,x) and for all y’ €Y (s, f,x),
(p(CC(e, e, x),4(J)), CC(e, e,y",x)) € ¥(J). Let C 5y (e, %) := (CC(e, ¢, x) 1(J)).
We call this C70 5 (e,x) a J-based minimal capability under (e, c,x).
Definition 3: Given ¢, ¢, and J € J", the J-based capability maximin rule
(CM3j) is a function h°MI) . B x C™ x [0,Z]™ — R? such that for all e =
(a,s,f) €E, allceC™, and all x = (z1,-++,zy,) € [0,T]", A°MI(e, ¢, x) =
Y = (y1, ++,Yn) satisfies: for all i € N, C(a;,T — x;,y;) 2 Conn (&%),

Since under each (e, ¢, x), C(;‘ff/’)‘(J)(e, x) is diversified dependent upon the
characteristic of J € J", there are possibly multiple J-based capability maz-
iman rules, even if 1) and ¢ are fixed. Thus, we can define a class of possible
J-based capability mazimin rules. Note that the class of all possible J-based
capability maximin distribution rules is invariantly independent of the char-

121t is worth noting that from the standpoint of Rawls, individual judgements about
choosing the best common capability should be defined at least relatively independent of
individual preferences (;)icn over functioning vectors. The following condition of Set-
Inclusion Subrelations guarantees this relative independency.
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acteristics of ¢ and ¢, as long as they satisfy the Pareto Principle. Hence, in
what follows, we assume that 1 and ¢ are fixed, but not so for J € J", and
let UCM := {h®™3) | J € J"} be the class of all possible J-based capability
maximin rules. Gotoh and Yoshihara (1997) showed that any J-based capa-
bility maximin rule (CMj) is well-defined whenever 1 is continuous. They
also showed that UCM C NR.

4 Social Choice of Allocation Rules according
to the Rawlsian Two Principles of Justice

We regard the Rawlsian two principles of justice as the higher order prin-
ciples which stipulate the social procedure of choosing fair allocation rules,
while each of the other criteria on distributive justice, like the “no-envy”
and “egalitarian-equivalent,” discussed in the traditional social choice theory
is regarded as only particular “precepts” in the framework of Rawls (1971).
The Contribution and Needs Principles discussed in section 3 are two of
such particular precepts. In this paper, we assume a society which accepts
the Rawlsian principles of justice, and respects the Contribution and Needs
Principles, both of which the difference principle compromises from the view-
point of “the greatest expectation of the least advantaged.”

The social procedure of choosing fair allocation rules is defined as a func-
tion which aggregates individual judgements on allocation rules into a social
judgement.

4.1 Individual Judgements on Allocation Rules

Consider a situation in which among various allocation rules, a society se-
lects some rules as fair ones, each of which is applied to some economic
environment that will appear in the future of this society. In this situation,
every individual cannot definitely know what types of economic environments
will appear in the future, but she can know the class of possible economic
environments. Then, taking into account which of the possible economic en-
vironments will appear, she is required to announce her own judgement on
which of the allocation rules are fair. Consequently, a profile of all individ-
uals’ judgements is aggregated into a social judgement, according to which,
allocation rules are chosen. After such a procedure of social choice of fair
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allocation rules, one economic environment prevails in this society, and one
allocation rule is applied to it, according to the result of the social choice.

Thus, in the situation of socially choosing fair allocation rules, each in-
dividual reveals her judgement ordering, which is a function of possible eco-
nomic environments. Note that in this paper, the class of possible economic
environments is given as £ x C™ x V™. As well as by regarding possible eco-
nomic environments, some individual ¢ may determine her own judgement on
which of the allocation rules is fair, making it consistent with her judgement
on what is the maximal common capability, J; C CC x CC. Consequently, it
is natural to assume that any individual judgement on fair allocation rules
is, in general, defined as an ordering function not only of possible economic
environments, but also of admissible profiles of individual judgements on
maximal common capabilities.

In what follows, a pair (z,g) of z € Z(F) and g € G will be called
an extended social alternative. Following the above discussion on individual
judgements over allocation rules, we assume that, for all ¢ € N, individual ¢'s
judgement of elements of Z(F) x G is given by an ordering correspondence
Qi EXCmXxV"x J" —» (Z(E) x g)2 which is defined as follows: for any
(e,c,v,J) EE x C™ x V" x J", Qi(e,c,v,J) C(Z(FE) x G)? is an ordering.
Denote the universal class of such judgement correspondences by Q. We
can interpret individual ¢'s judgement correspondence, Q);, as a social welfare
function, which she would have proposed if she were the planner of the society.
That is, we can consider a situation in which every individual proposes, based
upon her own opinion about what is social justice, a social welfare function
which always assigns to each economic environment and each judgement
profile on common capabilities an ordering. Then, it is natural to introduce a
social procedure in order to aggregate a profile Q(-,-,-,*) = (Qi(,+,,*))ien €
Q" into a social ordering Q(-,-,-,*) € Q.

Definition 4: A social decision procedure of fair allocation rules (SDPR) is
a function ¥ which maps each profile Q(-,-,+,-) = (Q:(-,-,+,*))ien of admis-
sible judgement correspondences into one social judgement correspondence:

Q(.,.’ .,.) = \I;(Q(, e ))

Note that the domain of the SDPR, ¥, the admissible class of judgement
correspondences, does not necessarily coincide with Q. What restrictions
should be imposed in order to identify the admissible class of judgement
correspondences depends upon what types of “distributive justice” each in-
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dividual accepts as her own principles.

4.2 Definition of the Rawlsian Social Decision Proce-
dure of Allocation Rules

In the Rawlsian framework, the social choice of allocation rules should be
assumed to be processed under the veil of ignorance, subject to the imposition
of the two principles of justice. The imposition of the two principles of justice
implies, in our model, that the admissible set of each individual #’s judgement
Qi(:,+,+,) does not possess the property of “universal domain.”

The first condition imposed upon Q;(:,-,-,-) is inspired by the first prin-
ciple of justice —equal basic liberties (Rawls (1971)). In our setting, the first
principle of justice by Rawls (1971) requires allocation rules to guarantee
every individual the right of freedom to determine her own labor time. Since
we assume that every individual accepts this principle, it is natural to impose
upon each individual ¢'s judgement, Q;, the following condition:

First Priority of Contribution Mechanisms (FPCM): For every indi-
vidual i € N, any g € T'co, and any ¢ € G\ Lo,

[((Z, «g)’ (ZIJ g,)) € Q'i('7 R ')&((zla gl)a (Z, g)) ¢ Qi(') RR) ') for all z and 2’
in Z(E)).

Following FPCM, all individuals will reject all allocation rules in G\I'co,
so that it will not be possible for these rules to be chosen by the society,
whenever U satisfies the Pareto Principle. However, many candidates still
remain in I'co. The second principle of justice —the difference principle
(Rawls (1971))— will work as a restriction.

Note that in this paper’s model, there is no room for taking into account
the first condition of the second principle of the Rawlsian justice —fair equal-
ity of opportunity (Rawls (1971))—, because every individual is endowed with
fixed skill and ability and engages in the same type of labor.!® Thus, after
imposing the condition FPCM upon individual judgements, we can only
concentrate on the difference principle. Herein, we consider the difference

13By fixing skills and abilities, we imply that there is no room for taking into account
the opportunity of education, while by assuming only one type of labor, there is no room
for taking into account the opportunity of occupation.
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principle as the higher-order principle which appropriately compromises the
two types of common sense precepts —the Contribution and Needs Princi-
ples. As one possible compromise-method of these precepts, we introduce a
linear combination of the proportional and J-based capability maximin rules,
although there may be other methods.

Given a judgement profile J =(J;)ieny € J" and « € [0, 1], let hoCFI) be
an a-combination rule defined as follows: for all e = (a,s, f) € E, allc € C™,
all x € [0,Z], and all i € N, h’"D(e c,x) =a - h{"P(e,c,x) + (1 —
a) - hFR(e,c,x). We introduce a new subclass of I'co as follows: given
J =(J)ien € I, let CP(J) := {h*°FD) | o € [0,1]}. Denote the universal
class of a-combination rules by CP :=J€L{7 _CP(J).

The second condition on Q;(+,,-,) is as follows:
Second Priority of a-Combination Rules (SPCP): For every individual
i€EN,any g€ CP, and any g € I'co \ CP,

[((Z, 9)7 (Z/,g,)) € QZ(7 R ')&((2179,)7 (Z,g)) ¢ Q’i(') BT ') for all z and 2’
in Z(F)].

Thus, the social choice problem of allocation rules has been reduced to the
problem of choosing a-combination rules in order to be consistent with the
requirement of the Rawlsian difference principle.

Next, we discuss the society’s prediction about what resource allocations
will be outcomes if one a-combination rule is granted. Given (e, c) € E x C™,
let denote the set of feasible pairs of allocations and a-combination rules
under (e, c) by FP(e,c) := {(z,9) € Z(F) x T'co | 9(e, c,x) = z}. We then

introduce the following condition:

Priority of Feasible Pairs (PFP): For every individual i € N, any g
and g' € CP, any (e,c) €EE x C™, and z and Z' in Z(E) such that (z,g) €
FP(e,c) and (2',g') ¢ FP(e,c),

[((z,g), (Zlag/)) € Qi('7 5 ')&((Z’,Q,), (z,g)) ¢ Qi('r ) ) for all z and 2’
in Z(E)).

Given e = (a,s,f) € E,ce€C™, g €T, and v e V" let ¢(e,c,v,g) be
the set of e-equilibrium strategies of the non-cooperative game (e, c, v,g) and
let the set of e-equilibrium outcomes of the game be denoted by Tz(e, ¢, v, g).
Define the following condition:
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Priority of Equlibrium Outcomes (PEO): For every individual i € N,
any (e,c) EEXC™, any v € V", and any (z,9),(2,9') € FP(e,c) such that
z € Te(e,c,v,g) and Z' ¢ Te(e,c,v,g'),

[((Z, g): (Zla gl)) € Qi(ea GV, ')&((zla gl)a (Z, g)) ¢ Qi(ea GV, )]

The next condition expresses a spirit of the difference principle:

Consistency with Common Capability-Judgements (CCC): For every

individual ¢ € N, any (e,c) €EE X C™, any v € V", any J € J", and any

(z,9),(z,d) € FP(e,c) such that z € Te(e,c,v,g) and z’ € Te(e,c,v,g),
[((z,9),(2,d)) € Qi(e,c,v,T) & (CCle,c,z),CC(e,c,2')) €]

That is, if individual 7 judges under the veil of ignorance, basing upon J;,
that the common capability in the extended alternative (z, g) is better than
that in (z/,¢'), then she must judge that (z,g) is better than (z',g') for
any (e,c,v) in which both (z,g) and (Z,g’) become equilibrium extended
alternatives. Since by assumption, J; includes set-inclusion as its subrelation,
this condition implies that every individual should judge that what should
be socially chosen is an extended alternative by which all individuals are
guaranteed at least the common capability, which is “maximal” with respect
to set-inclusion. Such a judgement is compatible with the Rawlsian difference
principle. The reason is that the common capability is interpreted as the
minimal capability which “the least advantaged” are at least guaranteed to
acquire.

Definition 5: Individual i accepts the Rawlsian principles of justice if her
judgement corrspondence Q; : E X C™ x V" x J"™ —» (Z(E) x G)* satisfies
the conditions of FPCM, SPCP, PFP, PEO, and CCC.

Denote the set of all possible judgement correspondences, Q;(+,-,+,) of ¢
who accepts the Rawlsian principle of justice by Qpg, and the n-fold Carte-
sian product of Qg by Qf. The Rawlsian social decision procedure of fair
allocation rules is then defined as follows:

Definition 6: The Rawlsian social decision procedure of fair allocation rules
(RSDPR) is a function Vg : QF — Qg such that for every Q(-,-,,-) =
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( i(')')'y'))iGN € Q?{; ‘I,R(Q('ffa')) = Q(')'a')')) and \IIR satisﬁes the
Pareto Principle.

Given (e,¢c,v,J) €E x C™ x V" x J", let us denote the set of socially
best extended alternatives determined through ¥z under Q(-,-,-,-) € Q% by
B\IIR(Q)(e: C,V, J) = {(Z, g) € Z(E) X g l ((Z, g): (Z,, g/)) € lIIR(Q(Q C,V, ‘]))
for all (Z',g') € Z(E) x G}. Thus, given ¥y and a profile of individual judge-
ments Q(+,-,-,-) € QF, if (e,c) €EXC™ is the current objective environment,
and v € V" and J € J" are revealed by individuals, then the set of allo-
cation rules socially chosen by Vg is: Dyyq)(e,c,v,J):={g € G | 3z €
Z(E), s.t.(z,8) € Byyq)le c,v,J)}. This implies that the allocation rule g
is possibly selected through Ux(Q(:,-,-,-)) in (e, c,v,J).

A specific characteristic of U is that it requires all individuals to restrict
their admissible sets of individual judgements over extended alternatives to
the ones satisfying the above five conditions. It may be a curious approach
from the viewpoint of canonical social choice theories in which the universal
domain is usually assumed. However, from the viewpoint of the Rawlsian two
principles of justice, it is not odd, since we assume a society in which every
individual agrees to accept the Rawlsian two principles of justice. Notice that
the problems of why and how the society agrees to accept these principles is
itself another issue separated from this paper’s theme.

Some may question whether these five conditions are effective to restrict
the sets of individual judgements, even if such a restriction is justified from
the viewpoint of Rawls. It is because individual judgements are private in-
formation, so that each individual can arbitrarily reveal her own judgement
without any punishment. However, the answer to this question is Yes !
The above five conditions are effective in the sense that no individual can
arbitrarily reveal her own judgement without any punishment. The reason
is that whether or not any ordered pair of any two extended alternatives
meets the four conditions except CCC can be checked objectively. With
respect to CCC, also, if CC(e,c,z) CCC(e,c,2') for (e,c) €E x C™ and
z,7Z € Z(e), but there is someone i such that for some v € V" and J € J",
z € Te(e,c,v,9), Z € Te(e,c,v,g'), and ((Z,¢), (z,8)) ¢ Qi(e,c,v,J), then
¢ will be surely punished, because the set-inclusion CC(e, c,z) CCC(e,c,z)
is observed.
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4.3 Characterizing the Set of Best Extended Alterna-
tives determined by Vp

Given ¥g, Q(-,-,-,") € Q%, J € J*, (e,c) EE X C™, and v € V", let
(z,8) € Byyq)le c,v,J). By FPCM and SPCP, this allocation rule g is
an a-combination rule: there is hoCP NeCP(J) such that h"‘CP @) = g. By
PFP and PEO, z € Ts(e c, v, heCP3),

Note that for each o’ € [0 1] and 2z’ € Te(e,c,v,h® 'CPI)) CC (e, rc, z’)
is uniquely determined. Let CC(Te(e c,v,h* CP(J))) = {CC(e,c,2) | Z €
Te(e, ¢, v,h*CPI))}. Then, given o/ € [0,1], e = (a,s,f) € E,cecCm,
and v € V", let Ze(e,c,v,h*°PD)) = {7’ € Te(e,c,v,ha'CP(J)) | Vz* €
Te(e, ¢, v,h*CFM) (CC(e,c,2),CCle, c,2*)) €y(J)}. Notice that if both z
and 2z’ belong to Ze(e, ¢, v,h*°PD), then CC(e,c,2z) and CC(e,c,z) are
indifferent with respect to ¥(J). Let {Ze(e, ¢, v,h* eP@) )}a ref0,1]- Note that
if for some o/ and a* in [0,1], there exist z EZs(e c,v,h¥'CPI)) and z* €
Ze(e, ¢, v,h*" CPD) such that (CC(e,c,2z'),CCle,c, z*)) E¢(J), then for all
z'€Ze(e,c,v,h*PI) and all ¥ € Ze(e, ¢, v,h* FD) (CCO(e, c,2"),CC(e, c,2”)) ey(J).
For each o € [0, 1], denote one element in Ze(e, ¢, v,h* °FD) by ze(e, ¢, v,h*' CPD),
Given e = (a,s,f) € E,c € C™, and v € V", let Ae(e,c,v,CP(J)) := {d €
[0,1] | Ya* € [0,1], (CC (e, c, ze(e, ¢, v,h* FPD)) CC(e, c, ze(e, ¢, v,h* CPI))) eyp(I)}.
Let As(CP(3)):= U Ae(e,c,v.CP(3)).

(e,e,V)EEXC™ XV ™

By CCC, (z, h*°PD) € By ,(q)(e, ¢, v,J) implies that z € Ze(e, ¢, v,h*FWD)
and a € Ae(e,c,v,CP(J)). Thus, if individuals’ judgements on extended al-
ternatives are Q(+, -, -, ) € Q%, and their judgements on common capabilities
are J €J", then, in each economic environment (e,¢,v) €E x C™ x V™
some a-combination rule h*PW) such that o € Ae(e,c,v,CP(J)) will be
selected by Ug(Q(+,,-,*))- Once the information of an economic environ-
ment (e,c,v) EE x C™ X V" prevails in the society, and an a-combination
rule h*¢FU) such that o € Ae(e,c,v,CP(J)) is selected in (e,c,v) through
Ux(Q(-,+,-,)), then some feasible allocation z € Z¢ (e, ¢, v,h* ™)) will be re-
alizable as an equilibrium outcome of the non-cooperative game (e, ¢, v,h*F(),
Note that the set By, q)(e,c,v,J) is not necessarily singleton. By CCC,
however, for all (z, h*F)) and (2, ¥ °FD) in By, q)(e, ¢, v, ),
(CC(e,c,2),CCle,c,2')) €y(I) and (CC(e,c,2'),CC(e, ¢, z)) €(J). This im-
plies that any (z, h*°FPD) and (2, h*'°FD) in By, (q)(e,c,v,J) are indiffer-
ent from the viewpoint of the Rawlsian difference principle.

By using the Rawlsian social decision correspondence of fair allocation
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rules, Dy (), We can also define a new allocation rule as follows:

Definition 7: Given ¢, ¢, and J € J", the J-based difference solution is a
correspondence SASCFI) . Fx C™ x V™ — Z(E) such that for all (e,c,v) €
ExCmx Vn, §ACPIO)(ec v) = U Ze(e,c, v,heCPD),
a€ Ae(e,c,v,CP(J))

The J-based difference solution represents an aim of the Rawlsian difference
principle (Rawls (1971)). However, notice that the aim of the Rawlsian dif-
ference principle is realized not by the class of J-based difference solutions,
but by D\I’R(-)-

5 Well-definedness of the Rawlsian Social De-
cision Procedure of Fair Allocation Rules

We discuss, in this section, an issue of well-definedness of the RSDPR. If
for all (e,c,v,J) and all Q(,-,+,), Dwg) is empty, then it is natural to
say that the RSDPR is not well-defined. This problem can be reduced to
that of non-emptiness of J-based difference solutions. The solution of this
non-emptiness problem depends upon the selection of equilibrium concepts
in non-cooperative games. In the following, we check the non-emptiness
of J-based difference solutions by adopting a pure-strategy Nash equilib-
rium concept. Given a € [0,1], e = (a,s,f) € E, c € C™, and v € V",
let NE(e,c,v,h*°FI)) and NA(e,c, v,h*CFI) be the sets of pure-strategy
Nash equilibria and Nash equilibirum allocations of the non-cooperative game
(e, ¢, v,heCFPI).

For a given e = (a,s, f) € E, c € C™, and v € V", we must show that
there is at least one « € [0, 1] such that N A(e, ¢, v,h*¢F®) is non-empty and
compact. If it does so, then SACF)(e c, v) is non-empty if 1(J) is continuous
ordering.

Given (e, c,h), let C' : [0,Z]" —» R™ be such that C*(x) = {(b;)icn €
R™ | Vi € N, b; € C(a;,T — x;,hi(e,c,x))}. Given a non-cooperative
game (e,c,v,h), we can define a payoff function for each i € N, ul :
[0,Z]" x C*([0,Z]") — R such that u?(x,b) = v;(b;) where b; € C(a;,T —
z;, hi(e, ¢, x)). Notice that if every individual is full-rational, she chooses
b; = bi(e,x,h,v;). Let F* be a subset of F such that for any f € F¢, f is
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concave. Then, let £ := A" x S™ x F*. The following proposition shows that
if e € E*, then for any ¢ € C™ and v € V™, NA(e, ¢, v,hFE) is non-empty.

Proposition 1: For allc € C™, all v € V™, and all e € E°, N A(e,c, v ,hFR)
. ‘ ‘

Proof: See Appendix.

We can also prove that under some restricted economic énvironments, the
non-cooperative game defined by J-based capability maximin rule has a non-
empty set of pure-strategy Nash equilibrium allocations. Given 9, J € J",
e€ E,ceC™ and x € [0,Z|", let B(CC(e,c,x),y(J)) := {CC(e,c,y*,x) €
CC(e,c,x) VCC(e, c,y,x) € CC(e,c,x), (CCle,c,y*, x),CC(e,c,y,x)) €
¥(J)}. Note that (CC(e, c,x),1(J)) €B(CC(e, c,x),1(J)). In the rest of this

paper, we rely on the following assumption:

Assumption 1: Forall J € J", alle € F, and all x € [0,Z]"*, B(CC(e, ¢, x),3(J))
is singleton.

Assumption 2: For all a € A and all 2,2’ € [0,%] X R;, if for some func-
tioning k € {1,---,m}, ck(a, 2) < cx(a,2’), then for any other functioning
K e{l,---,m}, cx(a,z) <cw(a,z?).

By Assumption 2, we can induce that if for some functioning k € {1,---,m},
cx(a, z) = (resp. <) cx(a,?’), then for any other functioning k' € {1,---,m},
ce(a,z) = (resp.<) cw(a,2’). This assumption states that all functionings
have the same “isoquant curves” of their utilization functions. Notice that
this does not imply that all functionings’ utilization functions have the same
shape, because some functioning k’s utilization function ¢; may be homoge-
neous of degree one, while other’s ¢ may be strictly concave.'*

Assumption 3: For allk € {1,---,m}, alla € A and all 2,2’ € [0,Z] xR,
if cx(a, z) = cx(a, ?’), then for any A € Ry, cx(a, Az) = cx(a, A2').

l4Note that every functioning is cardinally measurable. Hence, even if two function-
ings have the same “isoquant curves” of their utilization functions, the difference in the
shape of utilization functions between these two reflect their difference with respect to the
characteristics of these two functionings.
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This assumption is also pertinent to utilization functions of relevant func-
tionings. This says that all possible utilization functions are homothetic.

Assumption 4: For all J € J", all e € E, and all x,x’ € [0,Z]" such that
x <%, p(CCe,x)(J)) and p(CC(e,x'),y(J)) satisfy the following prop-
erty: if for some i € N, C(a;, T — a:z-,hiCM(J)(e,x)) C (resp. 2) C(a;, T —
2, h{MD (e, x')), then not [C(a;, T — 2, h{ (e, %)) 2 (resp.§) Cla;, % -
CM(J) .
z, h; (e,x')) for some j # i].
This assumption is a condition imposed upon the capability maximin rule.
It is a solidarity condition. It says that changing production activity should

not be effective in opposite directions between some individuals.

Proposition 2: Under Assumption 1, 2, 8, and 4, if the social welfare
function 1 assigns continuous ordering on CC, then for all J € J", all
e = (a,s, f) € E°, a pure-strategy Nash equilibrium of the non-cooperative
game (v, MDY ynder e € E€ exists.

Proof. See Gotoh and Yoshihara (1997).

Let NA“YH(ACMI)) := {(e,c,v) € EXC™x V" | NA(e,c,v,h¢MD) £ &}
and NA“Y(hPR) := {(e,c,v) € E x C™ x V" | NA(e,c,v,h*R) £ &}. By
Propositions 1 and 2 of this paper, both NA“1(hA“M(3)) and NA~1(hFR) are
non-empty. Let NAZY(AMD)) .= {(e,c,v) € NA"HhCMI)) | e € E°} and
NAZY(WPR) == {(e,c,v) € NA"1(RFR) | e € E°}. By Proposition 1 of this
paper, NAZ1(hFR) = E°x C™ x V™. Since by Proposition 2, NA;1(hcM1)) £
@, we obtain that NA™1(heMI) N NA~Y(hPE) + @.

Theorem 1: Assume the pure-strateqy Nash equilibrium concept. Then, un-
der Assumption 1, if 1(J) is continuous, then for all (e, c,v) € NA™{(hCMI)y
NA-Y(hFR), SACPI) (e c V) is non-empty.

Proof. See Appendix.

Corollary 1: Assume the pure-strategy Nash equilibrium concept. Then, un-
der Assumption 1, if 1(J) is continuous, then for all (e,c,v) € NA~(RCMI)y
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NAY(hPR), Dy pq)(e, c,v,J) is non-empty for any Q €Q}.
Proof. See Appendix.

By Corollary 1, the RSDPR is well-defined in a rather broader class
of economic environments if we assume the pure-strategy Nash equilibrium
behavior. Note that for some economic environment and some judgement
profile, the selected J-based a-combination rule may be only the proportional
rule (that is, @ = 0), because there may be no other J-based a-combination
rule which has a Nash equilibrium allocation in this economy. We cannot
exclude such an extreme case if we apply the RSDPR to the broader class
of economies. However, in a subclass of economies, E°x C™ x V™ which
meets the Assumptions 2, 3, and 4, any J-based a -combination rule has
at least one Nash equilibrium. This is because under the Assumptions 2, 3,
and 4, both of C(a;,-, AFR(-,z_;)) and C(a;,-, hSM(J)(~,x_i)) have a convex
graph in E°x C™ x V™. Thus, in this case, the weight value, c, of the selected
J-based a-combination rule may be more than zero.

6 The “Moral Hazard” Problem in the Rawl-
sian Social Decision Procedure of Alloca-
tion Rules

As discussed in the previous sections, if individuals’ judgements on extended
alternatives are Q(:,-,,-) € Q%, and their judgements on common capabili-
ties are J €J", then, in each economic environment (e,c,v) €E x C™ x V",
some J-based a-combination rule %P1 such that a € Ae(e,c,v,CP(J))
will be selected by g(Q(:,-,-,)). Thus, the society can select an allocation
rule which can realize the aim of the Rawlsian difference principle: to guar-
antee every individual at least a common capability which is maximal with
respect to set-inclusion.

However, there still remains a problem. Even if the true information of
(e,e,V) is revealed in the society, and an appropriate a-combination rule
heCPO) is selected, individuals may not realize the feasible allocations which
are desirable from the viewpoint of the Rawlsian difference principle. This
problem is serious when the non-cooperative game defined by h*°FW) and

23



(e, ¢, v) has multiple equilibrium outcomes. The reason is that if Te(e, ¢, v, hR*CP)\
Ze(e, ¢, v,h*FD) is non-empty, then individuals may realize an outcome in
Te(e, ¢, v, h“CPD) \ Ze(e, ¢, v,h*CPI)) through the non-cooperative game
(e,c,v,h*CF (J)). In such a case, the aim of the Rawlsian difference principle
cannot be realized. In this section, we propose a resolution of this “moral
hazard” problem.
Assume a pure-strategy Nash equilibrium concept. Given J € J™ and
a € [0,1], let NE-Z(e,c,v,ho¢PW)) .= {x eNE(e,c,v,h*FD) | (z — x;,
WP (e, ¢, %)),y € NAle, ¢, v,h*CPON Z (e, ¢, v,h°PD)} and NEZ (e, ¢, v, h*CF@) .=

(x ENE(e,c,v.120PD) | @ — zi, iz (e,c,%)),cy € Zle,c,v 1)),

Given J €J", a € 0,1], and v € V", let h*CPEIV) : E x C™ x [0,7]" — R
be a distribution rule defined as follows:

Rule 1: If x eNEZ(e,c, v,h*CPW) then h*cPUIV)(e c,x) =h*FPU) (e, ¢, x).

Rule 2: If x ¢NE(e, c,v,h*FD) and there is a unique individual j € N
such that for some z; € [0,7], (m’j,g;_j)eNEz(e,c,v,h,aCP(J))’
then heCPEM (e, ¢, x) =h*CP3) (e, ¢, x).

Rule 3: If x eNE~Z (e, ¢, v,h*°F), then h*FIV)(e, ¢, x) = 0.

Rule 4: In any other case of x €[0,Z]", the following modulo game is played
and some individual j(x) € N will win the game: Let )\ 2 = p. Clearly,

0 < p<n. Let r+ v = p where r is the largest integer less than or equal to
p. Then, v € [0,1], and there is a unique j(x) € N such that v € [£=1 £,
Then, j(x) is able to receive h?(if(’]’v)(e, c,x) = f(D_n snzn), and for any

i # j(x), he°PIM (e ¢, x) = 0.

We call such a distribution rule a v-based quasi-a-combination rule. Given

JeJ" and a € [0,1], let gaCP(J) := {h*CFPEOY) | v € V"} be the set

of v-based quasi-a-combination rules. Let QCP(J) := L[{n] gaCP(J) and
ac|0,

QCP:= U QCP(J).
Theorem 2: For each v € V", NEZ (e, c,v,h*°FPID) = NE(e, c, v,h*CFPEIV)),

Proof. See Appendix.
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Consider placing the folléwing condition on Q(,,-,) € Q™

Second Priority of Quasi-a-Combination Rules (SPQCP): For every
individual © € N, any g € QCP, and any g € 'co \ QCP,

[((Z, g): (Z,, g’)) € Qi('7 ) ')&((Z’, g,); (Z, g)) ¢ Qi('; RN ) for all z and 2’
in Z(E)). |

Denote the class of judgement correspondences satisfying the conditions
of FPCM, SPQCP, PFP, PEO, and CCC by Qg:. By replacing SPCP
with SPQCP, we obtain the following “revised” Rawlsian social decision
procedure of fair allocation rules:

Definition 8: The revised Rawlsian social decision procedure of fair alloca-
tion rules (R*SDPR) is a function Vg : Q% — Qg+ such that for every
Q(') ERE] ) = (Qi('a RS '))iEN € Q%*; ‘I"R* (Q(': B )) = Q(1 RS ')7 and ‘IIR‘

satisfies the Pareto Principle.

By adopting the R*SDPR Vg., we can resolve the “moral hazard”
problem discussed above. First, by SPQCP and PFP, if neither (z,g) ¢
Z(E) x QCP nor g(e,c,x) # z, then (z,g) is rejected by By (). Thus, for
each (e,c) €EXC™, FP(e,c) = {(z,0) € Z(E)xQCP | g(e,c,x) = z}. Sec-
ond, by PEO, for each (e,c) €E X C™, each v € V", each J € J", and each
(z, h*CPEIV)) € FP(e,c), if z ¢NA(e,c,v,heCFD), then (z, h*CFEIV)) is re-
jected by By (), since z ¢ N A(e, ¢, v,h°CFI¥)). Moreover, if z ¢ Z(e, ¢, v,h*°FD),
then (z, h*°FUV) is rejected by Byy(), since z ¢ N A(e, c,v,h*cFPEV). Fi-
nally, through the test of CCC, we obtain that for each (e,¢) €E x C™, each
v € V", and each J € J", By,.(q)(e, ¢, Vv,J) =By, q)le, c,v,J). Thus, if
individuals’ judgements on extended alternatives are Q(:,-,-,-) € Q%, and
their judgements on common capabilities are J € 7", then, in each economic
environment (e, ¢, v) €E X C™ x V", some quasi-a-combination rule h*¢F(J:v)
is selected through Wg:(Q(-,-,+,*)). In such a case, one of the allocations
in Z(e,c,v,h*°FI) is surely realized as a Nash equilibrium outcome of
the non-cooperative game (e, c,v,h*°FEV) since NEZ(e,c,v,h*°FI)) =
NE(e,c,v,h*cP0E "’)). Thus, the aim of the Rawlsian difference principle is
realized, and the “moral hazard” problem is resolved.
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7 Concluding Remarks

In this paper, we discussed social choice procedure of fair allocation rules
from the viewpoint of the Rawlsian principles of justice. As a formulation
of this procedure, we propose the RSDPR, and show that this function is
well-defined under some assumptions. Moreover, we discuss a “moral hazard”
problem in implementing the aim of the difference principle by the RSDPR.

There is still a selection problem of fair allocation rules in each economic
environment, although we did not discuss it in this paper. By PEO and
CCQC, the selection problem of fair allocation rules involves the prediction
about what resource allocations are realized under each candidate of fair
allocation rules. Hence, the selection of a fair allocation rule in each eco-
nomic environment depends upon the information regarding the characteris-
tics the economy has. In each economic environment (e,c,v) €E X C™ x V™,
the selection of an appropriate a-combination rule h*“P() such that o €
Ae(e,c,v,CP(J)) depends upon the information of (e, c,v). This depen-
dency implies that even if (e, c) is observable, each individual i can manipu-
late the selection process of h*°F) by “false-telling” her private information
v;. As a result, the selection of the fair allocation rule may be incorrect in this
economy, so that the aim of the difference principle may not be implemented.
This is a problem of adverse selection. Gotoh and Yoshihara (1998) discuss
this problem, and try to resolve it by using implementation theory.

Note that in this paper, we do not analytically discuss the problem of why
and how the society agrees to accept the Rawlsian two principles of justice.
It is an important further issue which we should try to analyze.

Appendix

Proof of Proposition 1: Let (e,c,v) € E*x C™ x V™ where e = (a, s, f).
Since f is continuous and concave, it is easy to verify that hl'® is contin-
uous and concave. Then, the payoff function of the non-cooperative game
(e,c,v,hPE) ul™™ . [0,Z]" x C*([0,Z]") — R is continuous on [0,Z]". This is
followed by the continuity of v; and the Berge's maximum theorem.

We next show that for any given z_; € [0,Z]*"1, the payoff function
ul™ (., x_;) is also quasi-concave on [0, Z]. Given z;, 7, € [0, %] such that x| #
x;, let b; € OC(a;, T — i, K B(x;, 2-;)) and b, € 0C(a;, T — =}, K *(z),2_;)).

(21
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Note that for b; (resp. b}), there are 8 = (G )ke(1,;m} and v = (’yk)ke’{l,...,.,,;}
m

(resp. B = (Br)keq1,m} and ¥ = (7 )ke1,-;m}) such that o B =1,
k=1

Z W =1, and cx(as, B+ (T—;), Y - A B(x;, 7_;)) = by, for every functioning
k E {1,---,m}. leen A €[0,1], let z;(X) := Az; + (1 — M)zl

Note that Z MGk - T—z)+ (1 —=NB,- (T —1x))} =T — z(N). Let
By (T—x;) = Xk and B, (Z—x}) = X}. Then, A\Gy - (T —z:)+ (1- N8, (T~
) = AXx + (1 = N)X, = X,()). Since ka] Xi(A) = T — 24(\), there exists

m
B(A) = (Be(N)keq1,,my such that Y Gi(A) = 1 and for every functioning
k=1
Note that Y { Ay - AR (zi, z-) + (1 — M), - RPER(2), 2-5)}
k=1
= MIB(z;, 2 5) + (1 — N) - hPR(z),2;) < hPR(x;(N),z-;) by concavity of
hPR(. z_;). Let v - hPB(z;,z-;) = Yi and ~, - hPR(z},z_;) = Y}. Then,
Mg hPR(zs, 2_3) + (1= Ay, - hER (), z_5) = AV +(1—N)Y{ = Yi()). Since 3
k=1
Yi(A) < hPE(zy(X),z_;), there exists ¥(A) = (76(A))re(1,,m} such that
k=1
7(A) = 1 and for every functioning k € {1,---,m}, v(A) - hFE(z:(N),z_;) >
Yi (V). -

Since c; is concave, for every functioning k € {1,--- m},

Abig + (1 — N)bly,
A-cu(@i, Be- (B—23), Y- h (@i, 2-4))+(1-2)- Ck(az,ﬁk {(@—2}), 1 b (2], 3-4))
< ex(ag, Br(A) - (T — z:(A)), Yi(X))
< er(as, Be(V) - @ = (V) W (X) - AR (@i (N), 2-)).

This implies that Ab; + (1 — A\)b, € C(a;, T — z;(A), kR (x;(N),z-;)). Thus,
C(ai, -, hPR(-,z_;)) has a convex graph. Therefore, we conclude that 'U,?PR(-, z_;)
is quasi-concave on [0,Z]. ‘

Thus, by the theorem of Nash (1951), NA(e, c,v,hFR) # &. B

The following two lemmas are used in order to prove Theorem 1.

Lemma 1: If h is continuous, then N A(e,c,v,h) is compact.
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Proof. It is enough to show the statement in the case of NA(e, ¢, v,h) # @.
To show this, we use the following proposition:

Proposition 3 (Border (1985;12.9)): Let K C R™ be compact, G C R™, and
let v: KxG —» K be closed. Put F(9) = {z € K | z € 7y(z,9)}. Then
F : G - K has compact values, is closed and upper hemi-continuous.

Given i € N, let G; = NE_;(e,c,v,h). Let r; : [0,Z]* — [0,Z] be the
best-response correspondence of 4 such that for all x €[0,Z|", r;(x) ={z}
€[0,7] | ul(z},z—s,) > ul(z},z_;,) for all z,€[0,Z]}. Since h is continuous,
we can verify that r;(x) is closed correspondence. Let ; : [0,Z] x G — [0,T]
be such that for all x €[0,Z] x G, v;(x) =r;(x). Then, clearly, ; is closed
correspondence. For each z_; € NE_;(e,c,v,h), let Fi(z_;) = {z; € [0,7] |
z; € vi(zs,z-;)}. Then, by the above proposition, F; : NE_;(e,c,v,h) —
[0,Z] has compact values and closed correspondence. Let F': NE(e,c,v,h) —»
[0,Z]" be such that for all x eNE(e,c,v,h), F(x) = _€><N Fi(z_;). Thus, F'is

closed correspondence. Since F(NE(e,c,v,h)) = NE(e,c,v,h), this implies
NE(e,c,v,h) is closed subset of [0,Z]", so that NE(e,c,v,h) is compact. W

Lemma 2: For all o € [0,1], all e = (a,s,f) € E, all ¢ € C™, and all
v e V™, if h*°PD) and (J) are continuous, and NA(e,c,v,h*FI)) £ &,
then Z(e,c,v,h*FD)) is non-empty and compact.

Proof. Given e = (a,s, f) € E, let Y, : [0,Z]" — R} be such that Y,(x) =
Y (s, f,x). By Gotoh and Yoshihara (1997), if 4(J) is continuous, we can
construct a continuous ordering R.(¥(J)) C ([0,Z]"xY.([0,%]"))? such that
(z,2") € Re(v(J)) if and only if (CCle,c,z),CC(e, c,2')) €Y(T). Then, we

can construct a continuous function w? : [0, Z]"x Y.([0,Z]") —R which rep-

resents R.(1(J)). Define w;f,(ize e haCP@)Y ¢ NA(e,c,v,he¢PI) R such that

for allz €N A(e, ¢, v,h*CPD), wfj(jzecv hQCP(J))(z) =w2’(3)(z). Since h®CPA) ig

continuous, by Lemma 1 and the Weierstrass Theorem, Z(e, ¢, v,h*CFd) is
non-empty and compact. B

Proof of Theorem 1: By Gotoh and Yoshihara (1997), under Assumption 1,
if 1(J) is continuous, then hAM() is continuous. Thus, for all e = (a, s, f) €
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E, all c € €™, and all a € [0,1], h*°FI(e,c,-) is continuous on [0,Z]".
Without loss of generality, let us assume that (e,c,v) € NA™}(hCMD),
Hence, NA(e, ¢, v,hM) =£ . Thus, by Lemma 2, Z(e, c, v,hA°M@) is non-
empty and compact. For each a € [0,1], let us define QZ(e, ¢, v,h*F) as

follows: ( CcP@)) £ NA( CP@)) £
Z(e,c,v,h® if NA(e,c,v,h® %]
aCP(J)\ .— T VoIt y & VY,
QZ(C, C,V,h ) . { Z(C,C,V,ha (a)CP(J)) if NA(C,C,V,haCP(J)) =
where o* (@) = max{c’ € [0,q] | NA(e, ¢, v,h*°FD) +£ &}

By this construction, U QZ(e,c,v,h?FPI) = U Z(e,c,v,h*PD).
a€l0,1] a€l0,1]

Since by Lemma 2, L[;l) | QZ(e, ¢, v,h*PD) is non-empty, so is L[J | Z(e,c,v,heCF),
1 a€l0,1

In the following, we also show that L[(J”] QZ(e,c,v,h*¢FI) is compact.
ae

Let v : Z(e) x [0,1] — Z(e) be such that for any z EZ(e) and o €
0,11, 1(50) = {z€l0,7]" | 2* = arg | 2,2 |l }. Since

’EQZ(ec v h“CP(J))
QZ(e,c,v,h*¢PI) is closed by Lemma 2, by definition of v, it is clear
that 7 is closed correspondence. Let F(a) = {z €Z(e) | z €(z,a)}. Then,
by Proposition 3, F' : [0,1] —-» Z(e) is compact-valued and upper hemi-

continuous, and F([0,1]) = L[J QZ(e,c,v,h*CF@), Thus, L[I)' . QZ(e,c,v,hocP)
[e13

is compact, sois U Z(e,c,v hO‘CP(J)).

a€l0,1]
Define a continuous function wg((‘:)cv hoP@) - eL[{) . Z(e,c,v h"‘CP(J))—-;R
J J
such that for all z € aeL[(J) | Z(e,c,v haCP(J)) w;((e,)c,v,hcp(-'))(z) _ wg’( )( ),

which represents 1(J) over CC( L[{)l] Z(e, c,v,h*CFD)). By the Weierstrass
ac

Theorem, A(e, ¢, v,CP(J)) is non-empty. This implies that SACFI) (e c, v)
is non-empty. B

Proof of Corollary 1: By the construction of ¥g(-), for any (e, c,v,J) €Ex
C™x V" x J" and any Q €Q%, (z, h*°F) € By r(q)(e,c,v,J) if and only if
z €SACPD)(e,c,v) and h*°FI) € Dy, (q)(e, ¢, v,J). By Theorem 1, for any
(e,c,v) € NATY(hMI)) U NA~1(hPE) and any continuous ordering ¥(J),
SACPM)(e.c,v) is non-empty. For each z €SACFI(ec,v) and Q €Q},
there is & € A(e,c,v,CP(J)) such that (z,h*°FP) € By, q)le,c,v,J).
By definition, h*°T™ € Dy, q)(e,c,v,J). W
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Proof of Theorem 2: First, we show that for each v € V", NEZ (e, c, v,h*¢FI) C
NE(e,c,v,heCPOV). Let x € NEZ (e, c, v,h*°P(D). By Rule 1 of ha¢PIV),
heCPEV) (e ¢, x) =h*PI) (e, c,x). By Rule 2 of h*“P3V) for any j € N, any
zi(# z;) € 0,7, haCP(J"')(e,c,a:;,xﬁj) =hacp(‘])(e,c,$'j,x_j). Since by x €
NEZ(67 <, v’haCP(J))’ Uj(bj (6, ¢V X, h'aCP(J))) 2 Uj(bj (67 < v"T;"'T*J': haCP(J)))a
we obtain that v;(b;(e, c,v,x, h*CFPEV)) > v;(bj(e, ¢, v,z}, x5, RaCPEN)),
This implies that x € NEZ (e, ¢, v,h*CPEV)),
Second, we show that for each v € V", NEZ (e, ¢, v,h*FI)) D NE(e, c, v,h*CPEV)),
Let x € NEZ (e, c, v,h*FPU¥)) Tt is easy to see that X does not correspond
to Rule 3 or 4 of h*“F3:¥) Suppose that x corresponds to Rule 2 of h2¢PUV),
Then, x ¢ NE(e, c,v,h*P@) and heP@V) (e, ¢, x) =h*PI)(e, ¢, x). More-
over, there exists j € N such that for some z;(# z;) € [0,Z], (z},z_;) ENEZ?(e, ¢, v,h2CFD).
Thus, for all i € N, v;(bi(e, ¢, v, @}, z_;, R*FPD)) > vy(bi(e, ¢, v, x, RECTDY),
By Rule 1 of h*CPUIY)| peCPUV) (e ¢z, x_;) =h*CFD(e, ¢z}, z_;). This im-
plies that for alli € N, vi(bi(e, ¢, vz}, z_;, h*CPUIM)) > vy(bs(e, €, v, x, R*CFPIV)Y)).
Since x € NE(e, ¢, v,h*FIV) v, (bi(e, ¢, v, z_;, R*CPIM)) = v;(bi(e, ¢, v, x, RACPEIM))
for all i € N. This implies x € NE(e,c, v,h*“FI) 5o that a contradiction.
Thus, x does not correspond to Rule 2 of h*“FE3). Suppose that x corre-
sponds to Rule 1 of h*“P(3V)_ Then, by definition of h*CF@:) paCP (J"')(e, c,X) =
h¢PI)(e, ¢, x). Moreover, for any j € N, any z;(# x;) € [0,Z], by Rule 2 of
hoCPv) heCP@) (e, c, @), x_;) =h*“FPI)(e, c,z;,x_;). Sincex € NE(e, ¢, v,heCFv)
we obtain that x € N E(e, ¢, v,he¢PM). Thus, NEZ (e, ¢, v,h*°FI) D NE(e, c, v,heCPEV),
| ;
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